Combinatorics

71 INTRODUCTION

' jpmany discrete problems, we are confronted with problem of counting. Combinatorics is that

heanch of discrete mathematics concerned with counting preblems. Techniques for counting

 yre important in Mathematics and Computer Science especially in probability theory and in the

analysis of algorithms, In this chapter, we will discuss basics of counting and their applications.

77 THE FUNDAMENTAL COUNTING PRINCIPLES

Two elementry principles act as building baolcks for all counting problems,

' 7.2.1 Disjunctive (or) Sum Rule

-~ [fan event can occur in m ways and another event can occur in n ways, and if these two events
- cannot occur simultaneously, then one of the two events can occur in m + n ways. In general, if

E.(i=1,2,3, ..., k) are k events such that no two of them can occur at the same time, and if E,
can occur in 1, ways, then one of the k events can occur in n, +n, +n, + ...+ n, ways. :

- Solved Examples

Example 1. If there are 14 boys and 12 girls in a class, find the number of ways of selecting
one student as class representative.

Solution. Using sum rule, there are 14 + 12 = 26 ways of selecting one student (either a boy
ora girl) as class representative. :

Example 2. If a student is getting admission in 4 different Engineering Colleges and 5
Medical Colleges, find the number of ways of choosing one of the above colleges.

Solution. Using sum rule, there are 4+ 5 = 9 ways of choosing one of the colleges.

1.2.2 Sequential (or) Product Rule

If an event can oecur in ™ ways and a second event in n ways, and if the number of ways the
second event occurs, does not depend upon the occurrence of the first event, then the two events
Can occur simultaneously in mn ways. In general ilE, (i=1,2, .. k) are k events and if E, can
Sceur in n, ways, E, can occur in n, ways (no matter how E, oceurs), E, can occur in "y Ways
(00 matter how E, and E, occu [$)y.eenss By OCCUTS N 1 ways (no matter how B, E,, .., E 11 €vents
O¢cur), then the & events can occur simultaneously in Ry MR, Ry X, X, ways.



Example 3, Three persons enter into car, where there are 5 seats. In how mypy Wy,
they take up their seats? L

Solution. The first person has a choice of 5 seats and can sil in any one O thoye 5
So there are 5 ways of occupying the first seat. The second person has a choice pp :LMTj
Similarly, the third person has a choice of 3 seats. Hence, the required number of wayy iR wyy
all the three persons can seatis 5 = 4 x 3 =60 L

Example 4: In how many ways can three different coins be placed in two differgy :
[INTU(K) Oct 2017 (§q ,,_.:‘f;]‘i

Solution: The required number = 3x2 = 6, using the Product Rule
Example 5. There are four roads from city X to Y and five roads from city Y 07, fing
() how many ways is it possible to travel from city X to city Z via city Y,
(i) how different round trip routes are there from city X to Y 10 Z to Y and back 15y
Solution. (i) In going from city X to Y, any of the 4 roads may be taken. In going frop il
Y to Z, any of the 5 roads may be taken. So by the product rule, there are 5.4 =20 ways 1, Irive]

from city X to Z via city Y.
(if) A round trip journey can be performed in the following four ways:

l. Fromcity X to Y
2. Fromcity Yto £
3. Fromcity Zto Y

4, Fromcity Y to X
1. Can be performed in 4 ways, 5 ways to perform 2, 5 ways to perform 3 and 4 ways &
perform 4. By product rule, there are 4.5.5.4 = 400 round trip routes.

Example 6: There are four bus lines between A and B and five bus lines between B and C

In what many ways can a man travel round trip by bus from A to C via B if he does not wan
use a bus line more than once? [JNTU(K) Oct 2018(Set No. T}

Solution: The man can travel from A to B in four ways and from B to C in five ways, b
only four ways from C to B and only in three ways from B to A if he does not use a route T

than once. ; :
Hence, required number of ways he can make the round trip from A 10 e

B=4x5x4x3=240 - |
Example 7. For a set of six true or false questions, find the number of ways of ans¥er=

all questions.

Solution. The number of ways of answering the first question is 2. The second
also be answered in 2 ways and similarly for other 4 questions, Hence the total number

of answering all the questions is 2% = 64, _ "
Many counting problems can be solved using just the sum rule or just the product
However, many counting problems can be solved using both of these rules.

Example 8. In how many a ways can one select two books from difteren
among six distinct computer science books, three distinct mathematics books, and (w0

chemistry books? -
Solution. Using product rule one can select two books from different subjects 85 fo

quﬁli.ﬂ'ﬂ ¢4
of v

F
t subject i



(i) one from compuler science and one from mathematics in 6.3 = 1§ wiys.
(i) one from computer science and one from chemistry in 6.2 = 12 ways.
(if) one from mathematics and one from chemistry in 3.2 = 6 ways.

gince these sets of 55'“"-'_“'3"5 arc pairwise disjoint, one can use the sum rule to gel the
required number of ways which is 18 + 12 + 6 = 36
pxample 9. Find the number of three digit even numbers with no repeated digits
[(INTU(K)Oct. 2017(Set No. 2)]

Solution: Llcl the rcqulirﬂd numbers of the form x, y, z where each of x, y, z represents a digit
which are all dlﬁ'err:nt_. Since the required number has 1o be even, the unil place fe., z has lo
be 0,2, 4,6, or 8. [Tz is 0, then x has 9 choices and if z is 2, 4, 6, or 8 (4 choices) then x has 8
choices. Remember that x cannot be zero. Therefore, z and x can be chosen in{l = 9)+(4x8)
- 41 ways. For each of these ways, y can be choosen 8 ways. [Hence, the required number is
4128 =328

Example 10.-How many different five digit numbers can be formed from the digits 0, 1, 2,
jand 47 [JNTU(K) Oct. 2019 (Set No. 3), (R19) March 2021]

Solution: We know that 0 cannot be used for 10° place, So 4 digits can be used for the 104
olace, 4 for 10° place, 3 for 107 place and 2 for 10th place.

. The desired number=4 x4 x 3 = 2 x | =96

Example 11. How many different six digit numbers can be formed from the digits 0, 1, 2,
3,4 and 57 -

Solution: As explained in the previous example, the required no. of ways

=5x5x4x=x3x2x]=000

Example 12. How many different outcomes are possible by tossing 10 similar coins?

[INTU(A) (RI9) Aug. 2021 (Sup)]

Solution: When a coin is tossed the outcomes are heads and tails. There are two ways of

arranging head and tail in a sequence.

- Required number = gt

7.3 FACTORIAL NOTATION

The product of » consecutive positive integers beginning with 1 is denoted by n ! or [# and is

read as factorial n. Thus
wt=1.23 cor fr—1ln = nln— I¥n=2)...3. 2. 1.

- 1.2.3.4.5=5.4,3.2.1=120

For example, '
1.2.3.4=4,3.2.1=24

41 =
Cleitty. al = L2 3 . (n=2)n=1)n
= {1.2.3. .....(n=2)}n—-1)}n
= (=1 n=n(n=1).
o al = nln— 1)1 =n.gir= )= 2)1,

= nin = 1) = 2)(n -3 elc.

It r and m are PUEil'“"": integers and r < n, then

QU



! = (- 1 =2) ...... (n=p
I .

3 3| |
Forexample, — =5.4.3=60. —= e
2! T a a4 120
Example 13. 36 cars are running between two places P and Q. In-many way ¢,
go from P to Q and return by a different car. ' [INTU (4) ngpl?"

Solution: Since a person can go from P and Q in 36 ways and come back in 35 ,,,
total number of ways is 36 = 35 = 1260 “

Example 14, Prove that (2n)! =2 n! {1.3. 5. ... (2n = 1}}
Solution. (2m)!=2n(2n-1N2n-2).....5.4.3. 2. |
=[2n (21 =2) oo 4. 2] [(Zn = 120 =3) 0. 3. 3. 1]
=2 [n(n=1) o 2. 1] {135, oo (20— 3)(2n = 1)]

=2'n1 {1.3.5. ... (20— 3)(20 = 1))}

Hence proved.

7.4 PERMUTATION
The different arrangements which can be made out of a given set of things, by taking somen
all of them at a time are called their permutations.

The number of permutations of » different things taken r(= n) at a time 15 denoted b
P(n, r) or "P.. For example,

The different arrangement of three letters a, b, c taking two at a time are ab, be, co,k
eb, ac and thus the number of arrangements (or permutations) of 3 things taken 2 at a limes

P(3,2)=6.

7.4.1 The value of P(m, r) or P,
To find the number of permutations of n different things taken A{< n) at a ime.

The number of permutations of » things taken r at a time is the same as the nuber ofW¥
in which » blank places can be filled up with n given things.

The first place can be filled up in n ways since any one of the n different things can ¥F
in it.

After having filled up the first place b}r any one of the n things, there are (-
Hence the second place can be filled up in (n — 1) ways. Now, corresponding 10 & e
filling up the first 1:|ni.t||u:¢3,r there are (n — 1) ways of filling up the second place, 50 the &
places can be filled up in nfn — 1) ways. :

After having filled U|J the first two places in any one -l:‘rf the ai:n:we ways, there 4 [1 "
things left and so the third place can be filled up in (n - 2) ways. Now correspon ing L gl’
ways of filling up the first two places, there are (n — 2) ways of filling up (he third pla¢°
the first three places can be filled up in n(n - 1)(» = 2) ways,

]
1) things¥

It may be observed that

() atevery stage the number ol factors is equal to the number of places filled UP-



pch factor is less than the proceeding factor by |,

il

Ist 2nd w | {F=1th rth
of ways n n-| v = (Fr=23| n-(r—-1)

the number of ways of filling up all the r places ie., the number of permutations of
( things taken r at a time

=nin = 1)(n-2) ... to r factors
=nn-1)n-2)...[n=-@r-1]
” @r}=n[n - =2) e (n=r+1)

_n(n=1)(n=2)e(n=r+1) (n-r)!

vow, P 1) = (n=r)!

H
fere?

He

n!
P )= T,
yte 1, Number of permutations of » different things taken all » at a time is
Pn.s)=n(n—-1)n-2)....3.2.1=n! we 11)

That is, the number of different arrangements or permutations of n distinct objects taken all
tafime is n!, This is simply called the number of permutations of n distinct objects.

Note 2. Meaning of (!
Putiing = n in (1), we obtain

- (1]

!
Pln, n)= {nfn]'

I
> nl=— je, ﬂf-ﬁ'--l

0 al
Note 3, B, r) = x P(n — 1, = 1).

141 g

MP{H-—L:‘—I]:J-M (el __ E{n LN =P(nr)

{H-l—i"+i}!r” {n—r]!‘_{nnr}!

E““'N! 15, If "P, =172, find the value of n.

Wlton; fere P,=72= z i}‘ =72

» Rx(p_
u. : En[ﬂtz;;?-z}rﬂlﬂ”{ﬂ_”s?z
¢ N1 g gn+ Ba-T2=0
Em‘:*'ﬁltma} 0. n=9,-8
~8(n cannot be negative). So# = 9.
Iuphm‘lflﬁlp .21-1p =315, find the value of 1.

) 2n-1)!
u?hn:HEmlh+|F =Maﬂdlﬂ—!Pﬂs={i—£—E—:—{

"=l (n+2)!

2 N1 3
. P ep ——-—-—'[I"J'I}!“'-{Lﬂ"‘-:E
K {ﬂ'*‘zl-“ I:.?il'il"—]-}‘
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(2n + 1) = IEH ¥ I[lln - 1)!

or i (2n+)x2n 3
=—=h ==
M+ 2)x(n+Dxnx(2n-1)1 5 (n+2yx(n+Dxn 5
dn+2 3
o == = 20n+ 10=3s2 + On + 6
n 43042 £ 4 "
or I - lln=-4=0
I
or (n-4)(3n+1)=0. n=4, 5
EUT.,.H# 2k n=4
3
Example 17. In how many ways can the letters of the word ‘ORANGE’ be arrangeq g,
the consonants occupy only even positions? [JNTU(K) Oct. 2018 (Ser N, B

Solution: Number of consonants in the given word =3

Number of even places =3

. The desired number = 3, x 3!=31x 3! =6*6=136

Example 18. In how many ways can the letters of the word ‘MATRIX’ be arranged so ks
the vowels occupy only the even positions? .

Solution: Number of vowels in the given word = 2

Number of even places = 3

-, The desired number = 3_,,2 x4l =6 x 24 = 144

Example 19. In how many ways can be the letters of the word “TRIANGLE’ so that e
relative positions of vowels and consonants remain unaltered?

Solution: Number of vowels in the given word = 3
Number of consonants in the given word = 5
-, The desired number =3! x 31 =6 x [20=T720

- Example 20. In how many ways can the letters of the word ‘DISCRETE ' so that the Voo’
may come together?

Solution: No. of letters in the given word = &
No. of vowels in the given word = 3
.. The required number =31 x 51 =6 x 120 =720

4
W
Example 21. How many different numbers lying between 100 and 1000 can be formed
the digits 1, 2, 3, 4 and 5, no digit being repeated.

K
Solution: The numbers lymg between 100 and 1000 are of 3 d1gtts They will be f‘:'mlljd
taklng 3 digits from the given 5 digits. So the required number is equal to the n¥

permutations of 5 different things taken 3 at a time i.e. P(5, 3) = ;—-5 4,3=60

4k
iy

Example 22. Three prizes are to be awarded among 10 candidates. In how many
the prizes be given, so that no candidate may get more than one prize?



gince no candidate get more than one prize, the required number is equal to the

jon: ; _
EHIu:{“FEmumﬁuus of 10 different things taken 3 at a time i.e.,
pet
i
10 0x9x8=720.

12 Restricted Permutations
;. The number of Permutations of » different objects taken r at a time in which & particular,
gjects do not oeeUr is P(n—k, r).
7 The number of permutations of » different objects taken r at a time in which & particular
chjects are always present is P(n— k, r— &) x P(r, k). |
gxample 23. In how many of the permutations of 10 things taken 4 at a time will (&) two
ings always occur (b) never occur 7

Solution. (@) Keeping aside the two particular things which will always occur, the number
of permutations of 10 — 2 = 8 things taken 2 at a time "P,. Now 2 particular things can take up
ay one of the four places and so can be arranged in ‘P, ways.

1.

Hence the total numbers of permutation is %P, x P, =8 x 7 x 4 x 3 = 672

(b) Leaving aside the two particular things which will never occur, the number of
prmutations of 8 things taken 4 at a time =*P, =8 x 7 x 6 x 5 = 1680,

3. When certain things not occurring together

Example 24. Prove that the number of ways in which n books can be arranged on a shelf so
at two particular books are never together is (n —=2) = (n— 1), :

Solution, Treating the two particular books as one book, there are (n — 1) books which
tn be arranged in " - 'P._, =(n—1)! ways. Now, these two books can be arranged amongst
emselves in 21 ways. Hence the total number of permutations in which there two books are
Phoed together i 21 (1 — 1) 1.

The number of permutations of # books without any restriction is n!,

Therefore, the number of arrangements in which these two books never occyr together

=l =2l (n-M=nn--2(n-1)=(n-2).(n-1)
. Eumple 25. In how many ways can 7 boys and 5 girls be seated in a row sg that no two
M3y sit together,
E}ul:z:i;?-“' Since there is no restriction on boys, first of all we fix the positions of 7 boys,
'ons are indicated as
:":BI K_BIKBIKB‘xBSEBﬁKBTK

H . " | . s
0 ve cam b arras ged in 7! ways. Now if 5 girls sit at places (including the two ends)

g : il it together. Cle '
Pagy, in :;'3; ‘:;J,;I;E" no two of the 5 girls will sit tog arly, 5 girls can be seated in &

He ' : :
‘p S the required number of ways of seating 7 boys and 5 girls under ge given condition

%7,

X i i
Bl m:;pl‘ﬁ 26. In how many ways 4 boys and 4 girls can be seated in g oy, 0 that boys and
Brnate?



Solution.
Case L. When a boy sits at the first placi:

Possible arrangements will be of the lorm
BGBGBGBG
Now there are four places for four boys, therefore four boys con be seated iy 4| Wiy
there are four places for four girls, therefore four girls con be seated in 41 wyyy, II;'IJIJL':I;EIEL
number of ways in this case i1s 4! = 4! lby
Case 1L When o girl sits af the fivst plaee:
Possible armngements will be of the [orm
GBGBGBGH
Therefore, the number of arrangements in their cose is 41 = 4|
Hence the required number of ways = 41 x 4] 4] x 4] = [ 152,

Example 27. Given 10 people P, P, Pys sovans o
(7} In‘how many ways can the people be lined up in o row?
() How many lineups are there il Py, P Py want to stand together?
(#iF) How many lineups are there iFPy, Py, P, do not want to stand together?

Solution. (7} Without any restriction 10 people can be lined up in o row in 0] WLy,

(if) Treating P,, P,, P, as one, 8 people can be arranged in o row in 8 ways, Again theee
persons Py, P, P, cari be arranged among themselves in 31, So. the number of lined up
when particular 3 persons are together is 81 x 31.

(iif) The total number of ways i." which P, P, P, do not want to stand together = Toul
number of arrangements without any restriction - Total number of arrangemets i
which P, Py, P, are always together= 101 - 81 31,

4. Formation of numbers with digits

Example 28. How many number of four digits can be form i e
] i B- i Ed d I
3, if repetition of digits is not allowed, PR

Solution. The required number of d-digit numbers =
= £ . .
distinct digits taken 4 at a time = 5|:-J1 =5x4x3x2 =20, number of arrangement of §
Example 29. How many numbers lying between 100 ang 100
e : o (1] . ’H
digits 1, 2, 3, 4, 5 if the repetition of digits is not allowed. can be formed with the
Solution. Every number lying between 100 and 1000 is f Fedlioi
S 8 J-digit :
have to find the number of permutations of 5 digits 1, 2, 3,4, 5 1 km? lh::cn:nﬁnt ::: o
51
{2 =3)!

Hence, the required number of 3-digit numbers = 3p, = = 60,
Example 30. How many numbers between 400 and 1000 can be formed 4 N
3,4, 5, 6 and 0, if repetition of digits is not allowel. Weth the digits &
Solution. Any number lying between 400 and 1000 must be of I-digit o Since 1he
number should be greater than 400, the hundred’s place can be filled up by Ay ”m}:} r t:‘fl Jiree
digits 4, 5 and 6 in 3 ways. The remaining two places (ten’s and unit'’s) ggg be fil) dLu by
remaining five digits in *P, ways. S



. The required number =3 x 5P = 3:-:3 = 60
: 3]

grample 31. How many four digit numbers are there with distinct digits?

5ﬂ|“ﬁ”:}]' P‘]‘h;r L-:-t.:: number of arrangements of ten digits 0,1,2,3,4,5,6,7,8,9 taking 4
atime s T BULnese arrangements also include those numbers which have 0 at y
:.13 ce. Such numbers are not 4—digits numbers. » ﬂ‘musan_d E

To find the total number of numbers in which 0 is at thousand’s place, we fix 0 at thousand’s

slace and arrange remaining 9 digits by taking 3 at a time. The number of such arrangements in
'p,. Hence, the total number of 4—digit numbers = 0P, — %P, = 5040 - 504 = 4536,

5, Word Building

Example 32, Find the number of permutations that can be had from the letters of the
DAUGHTER.

(i) taking all the letters together.
(if) beginning with D
(iif) beginning with D and ending with R
(iv) vowels being always together
(v} not all vowels together
(vi) not even two vowels together
(vii) vowels ocoupying even places.
Solution. The number of letters in the word DAUGHTER. is 8 and all are different.
(i) Number of words taking all the letters together is equal to the nu mbers of arrangements
of all 8 letters taken all at a time =8 ! = 40320.
(if) Keeping D fixed in the first place, the remaining seven places can be filled up by the
remaining 7 letters in 7! = 5040 ways.
HE“CE, the TﬂqUirﬂd numhﬂr of words = 5040. .
(iif) Keeping D fixed in the first place and R in the last place, the remaining 6 places can be
filled up by the remaining 6 letters in 6 ! = 720 ways.

- =720.
ed number of words =7
. HEMF* me s vowels A, U and E as one, we have 8 - 3 + 1 = 6 letter to arrange.
(iv) 'E‘:.atmg 1::: ;hrE; . e 790 ways. Again the three vowels A, U, E can be arranged
is can be don 3

. in 31 = 6 ways.
among themselves 10 3! ) )
Hf:rlceg, the requirf.'d number of words = 720.6 = 4320,

: ¢ words = Total number of all possible words — Number of
(v} The required number © words with all vowels together.
= 40320 - 4320 = 36000,

ot hese five
: , restriction on consonants D, G, H, T, R. We first fix t
(vi) Since there is N0

) be done 5! = 120 ways.
ants. This can
conson H.:xc:ff:“':“c“
ol can be arranged in any of the three of six places marked *, so that no
The three VOW u:rgether. This can be done in E'F3 =6 % § x4 =120, Hence the required

two ;nws}spi’:n Lration = 120 x 120 = 14400.
numper



(viiiy Out of 8 places, 2nd, 4th, 6th, 8th places are even places and the three vowels
can be arranged in 4 places in ‘P, = 24 ways.
The four places (1st, 3rd, 5th, 7th) and one remaining even place are to be filjeg by s
consonants. This can be done in 5! = 120 ways.

Hence, the required number of ways = 24 * 120 = 2880.

yEIU

7.4.3 Permutations of Things not all Different
Qo far we have considered the situation where all the objects that are to be arranged are differey

Suppose it is required to find the number of ways in which n_thingﬂ ma:.-rlhe arranged amg
themselves, taking all of them at a time, when p of things are alike of one kind, g of them g,
of a second kind, » of them of a third kind, and the rest all different.

Let x be the required number of permutations,

Now, replace p alike things by p distinct things which are also different from others. Thage ’
different things may be permuted among themselves in p | ways without changing the positione
of other things.

Thus if p alike things of one kind are replaced by p different things, the number of
permutations = x % pl. '

Now if in any one of the x * p! permutations, we replace g alike things of other kind by 5
other different things, then the number of permutations of these g new things among themselves
without disturbing the arrangements of rest will be g!.

Thus if both the replacements are done, the number of permutation = x * p!  g!

Similarly when r alike things are also replaced by r different things, then the number of
permutations =x * p! = gl % r_L

Now each of these x x p! x g! x r! permutations, is a permutation of n different things, take
all at a time.

oxxplxglxpl=pnl
nl-
plglrl

Formula: The number of permutations that can be formed from a collection of # object

of which n; are of one type, n, are of a second type, ... n, are of Kth type with n, Byt
n,=nis

Hencex=

m!

mlxnyx..xn,!

Example 33. How many permutations of the letters of the word BANANA?

Solution. There are 6 letters in the word BANANA of which three are alike of on€ ki
(3A's), two are alike of second kind (2N's) and the rest one letter is different.
3

Hence the required number nfpermu!atiﬂﬁs = ﬁ = 60

Example 34, Find the number of permutations of the letters of the {mrﬁ CALCULU>

Solution: The given word has § letters, of which C, L and U are repeated ewice and 1 €
are A and 5. .

=a



E 1
uifﬂd pumber of permutations = -__3'___
f

ke 212121111
== T71=5040
prample 35, How many ways are there to arrange the letters of the word ENGINEERING?
[JNTU(K) May 2018 (Sup.)|
Glution: The given word has 11 letters, of which 3 are E's, 3 are N's, 2 are G's, 2 are I's
4
’ ired number of wa 5=—___I“
L ¥ S

R | L TR U1

 6x6x4 6x24 x4l

_ 11=10x9%8xTx6x5

b

=1l x|0x9xBxTxhx5=277200

fuample 36. Find the number of Permutations of the word MAYAJALAM.:
[JNTU (K) Oct. 2019 (Set No. )]

Solution: The given word has 9 letters, of which 2 are M's, 4 are A's and | each of Y, I, L

E A Burr o1 ol
. Required number of permutations = LA 241
e Q“S“Txﬁxf’:gxgx?xjxj
2
= 7560 |
Erample 37, Obtain the number of permutations of all the letters of the words:
ICOMMITTEE (jf) ACCOUNTANT. INTU(A) (RIS) Aug. 2021
i “ution; (/) The given word has 9 letters, of which 2 are M, T, E and 1 each are C, O, ]
[oargn 91 9!
QU R M« Sl=63 = 6= [20=435,
.R&q redno. of permutations = 7 =g 00 -

iy T8e -
1 This 15 left as an exercise to the reader.
limp)e 3. fthe letters of the word “Mathematics’
OW many arrangements can made out of the
™ ¥ Srrang [(INTU(A) Nov. 2018)

HE‘E\ " The given word has 11 letters, of which there as 2M"s, ZA’s, 2T" s, and | each
Cang g,

gy 11!
Ired no. of permutations = 2202

1! 1y 0% 9% 7% 65! =4,989,600

S ——

8




Example 39. Find the number of possible ways in which the letters of the Word o
can be arranged so that the two Ts don't come together. ﬂTTU-,ﬁ,-

Solution. There are two T's, two O's and the rest two letters are differeq in g
Cw

COTTON. Hence the number of arrangements of the letters without any Festri,
6 Cligy
= ——= 8]0

2121
Considering the two T’s as one letter, the number of letters to be arranged is 5.

51
So, the number of arrangements in which both T come together = e 60
Hence, the number of ways in which two T's do not come together = 180 - 60 = 120
Example 40. A coin is tossed 6 times. In how many ways can we obtain 4 heads ang Dtsiy
Solution. Whether we toss a coin 6 times or toss 6 coins at a time, the numbg

arrangements will be the same.
6!
The number of arrangements of 4 heads and 2 tails out of 6 is T L3

Example 41. There are 3 copics each of 4 different books. Find the number of ways
arranging them on a shelf. .
Solution. Total number of books is 3 x4 = |2

Each of the 4 different titles has 3 copies each.
The required number of ways of arranging them on a shelf 1s

I |
212 369600.
31313131 (3t

71.4.4 Permutations with repetitions allowed

The number of permutations of n different things taken rata ti
any number of times is 1",

Suppose r places are to be filled with n things. The first place can be filled up it "“"ﬂ;
and when it has been filled up in any one of these ways, the second place can also be filled Fﬂﬁﬁ‘
n ways for the thing occupying the first place may occupy the second place also. Thus the

41
two places can be filled in # * n = »* ways. When the two places are filled in any of '[hIE_'EI;'f2 d“._;!lil
£

the third place can also be filled up in » ways, and so the three places together can be I
7 % n=n’ ways. -
R : I
Proceeding in this way, we conclude that the r places can be filled inn x 1 % 1% = :
ie. n" ways.

Example 42. How many numbers of 3 digits can be formed with the digits 22 *
when a digit may be repeated any number of times? fi
Solution. Since repetition is allowed, each of the 3 places in a 3—digit numbers be
up in 4 ways by the given 4 digits. ' _

hundreds place tens place units place
4 ways 4 ways 4 ways

me, when things may be reped

The required number of 3-digit numbers = 4° = 64, 4



||'|. 1]'[“\‘ I‘I'L:]n}r Wavs 3 |.'1 )
ple 43 In 1 ¥S 3 prizes con be distritwte ‘
5 :mnhﬂ' of prizes. stributed amang 4 boys when a boy can
it _ 1

" golution: Each of the three prizes can be given in 4 ways since o boy can
Jl'f”"f prizes.

T The pumber of ways in which all the prizes can be

receive any

given=d x4 x 4 =4 = 64,
45 circular Permutation

qutarion that has been described abov

€ are more properly called linear pe ' :
h . Pl rutations ns
s shjects Are being arranged in a line ( |

e e ireadt orrow). Ifwe arrange them in a circle, then the number
Jemniations change. A circular permutation is an arrangements of objects around o circle.

consider four persons A, B, C and D who are o be arranged around a circle. The following

mngenents are one and the same as relative position of none of the four positions A, B, C, D
schanged.

Q00

(i} (i (iv)
But in case of linear arrangements the four arrangements are different,
\' B ©C C B B C D
8 ¢ D D A B C D A A

Thus the circular permutations are different only when the relative order of the objects is
ted otherwise they are the same.

AL the number of circular pf.‘.m‘lutﬂliﬂllﬁ d&pend on the relative P':Iiiﬁﬂﬂﬁ of objects, the
“rof permutation of # objects in a circle can be found by keeping otie element lixed and
#1¢ remaining (n - 1) elements which can be done in (n — 1)1 ways.

IThus number of circular arrangements of n different things = (n - 1)!

E:Ilnplt 44. In how many ways 5 boys and 4 girls can be seated at a round table if
f?r;: 3'{37& 15 no restriction
i a $E four girls sit together

i ¢ four girls do not sit together

12 twa girls sit together.

Won: = > -an be seated ot the round
i:'H"iu. [!;nul (/) Total number of persons = 5 + 4 = 9. These persons can be se
“N=g1y
(i) T« P RS, i an be se
El%“ﬂkmg 4 girls as one person, we have 5 4 | = 6 persons. ;[;I;i,n:; ;Igusnns can be ented
Tva %I“ in (6 - 1)! = 5! ways. But 4 girls can be orrmng

5 ired | =51 % 41, "
lify " 4! ways, So the required number ol ways

a x
: sil
'%hﬁre © Number of arrangements when all tlaef'r .E"IE ::3“:::[_ of & B
tez"313 | number of arrangements without ,-,;.Igm;n'n: 4_ | " .
When all the four girls sit together = Bl N g



(iv) Since there is no restriction on boys, first of all we arrange 5 boys 1o gegy
and this can be done (5 - 1)! = 4! ways. Now there are 5 places for 4 girjs 44 ,-

A royng,
. : : iy
Therefore, 4 girls can be seated in °P, = 5! ways. &J’"ﬂ‘-rrf

So, the required number of ways = 4! % 5!

Example 45, In how many ways can a party of 4 boys and 4 girls be seated a1 4 Circuly,
s0 that no 2 boys are adjacent. g

Solution: 4 girls can be seated at a circular table in 3! ways. When they haye
there remain 4 places for the boys each between two girls. Therefore, the by

o Y3 tan gy 5
ways. Thus, there are 3! x 4| i.e. |44 ways of sealing in the party. 5

Example 46. How many ways are there to seat 10 boys and 10 girls around » CIFClae 4.y

if boys and girls seat alternatively? [JNTUK) Oct. 2419 (Set ¥, 1

gtk be
2 4

Solution: 10 girls can be seated at a circular table in (10 — 1)! = 9! ways. Afier he
been seated, there remain 10 places for boys each between two girls. Thus, the boys
10! Ways, Hence, the required number = 9! x 101

Example 47. In how many ways can 5 children arrange themselves in a ring
[INTU(A) (R19) March 3
Solution: The number of ways of arranging 5 childreninaring=(5-1) =41=24

Example 48. 15 males and 10 females are seated in a round table meeting, How meny ve
they can be seated if all the females are to be seated together? [JIVTU(4) (R19) March 2

Solution: Let us first seat the 15 males by treating 10 females as one unit. Then 15-1

16 Persons can be seated at a round table in (16 — 1)! = 15! ways. But the 10 females o
arranged themselves in 10! Ways,

Hence, the required number of ways = 151 = [ (!

7.4.6 Clockwise and Counter-clockwise Permutations
There are two types of circular permutations

(/) Those permutations in which clockwise and anti-clockwise arrangements £

distinguishable. Thus while seating 3 persons A, B, C around a table, the following pem==
are different. ' '

A A

(1) When clockwise and anti-clockwise permutations are not different.




e g ol s el b B R

(e clockwise :ﬁ. a;:;;lgc;c;;se arrangements are not different e.g., arrangement of
H,jllsfn 3 ﬂecl-:JacE, a g OWErs 1n a garland elc, number of circular anangf:mﬂﬂlﬁ

,dilfﬂﬂ"
aple 4910 how many ways 8 different beads can pe arranged to form a necklace?

sion. Eight different beads can be arranged in circular form in(8—1)!=7 ! ways. Since

o B 10 distinction between the clockwise and anti-clockwise arra ngements, the required

gaber ?

prample 5“'.'“ how Many Ways can seven persons sit around a table so that all shall not
i same nei ghbours in any two arangements?

|
(hings 1s E{" - 131,

I
farrangements = = (7).

pt :
solution, Seven PErsons can sit at a round table in (7 - 1)) = 61 ways, But, in clockwise and
giclockwise arrangements, each person will have the same nej ghbours,

50, the required number of ways = % (61) = 360.

15 COMBINATIONS

fedifferent groups or selections that can be made out of a given set of things by taking some
wal of them at a ime 1rrespective of the order are called their combinations,

The number of combinations of » different things taken "= n) at a time is denoted by
n
Qnrpoc"C_(or) [;] For example,

T?_TE m:ﬁhtntinn of two letters from three letters a, b, ¢ are ab be ca and thus, the number of
ukinations of 3 letters taken 2 at a time is C (3,2)=3

The number of combinations of 4 letters a, b, ¢, d taken two at a time is C (4, 2) = 6 and they are

nﬁ' e, uﬂ'\ bl:-. -ﬁ'ﬂl; cd.

I-ET T . "
1 lﬂlﬂerannes Between a Permutation and Combination
|l nt& ?ﬂmh[ﬂ&linn only selection is made where in a permutation not only a selection is
] al50 an arrangement in a definite order is considered.
n . o 3
4 tombination, the ordering of the selected objects Is immaterial. In a permutation, this

: n-'lg 15 ; i 1 .
hhmumf-‘ﬂsemm], For example, a, b and b, a are same in combination but they are different

ion,

Hezall ,
"*hhh%n:’l e use the word arrangements for permutations and the word selections for

s

i i Th

Tb&limﬂ Value of C(n, A |

E "
Mmber of combination of r distinct objects taken ’ (< n) of o time.

g £ be ; |
“mh{-rn*di;f-ha "equired number of combinations f.e., x =C (m, r}: Now each combination
! h‘ﬂan% Srent things which can be arranged among themselves in r | WyS. Hence x such

ey ,.El"r'f: ASe 10 x * r | arrangements giving the number of permutations of n different

L Uatimeje, py r)



xupl=Mnr)=

nl

(11 =)
_ Pnm, :} !
I T T Y
|
N — O<r=n
or  Clm, ) : {u-rﬂ for
CorLC(n,m)=C(n, 0)=1
n! |
Putting »=n in (1) C(n, n) = m 0!
| _ m! nl
Putting r=01in (1) C(n, 0) = ﬂ!(n—ﬂ}fmﬂ!u

Note: (1) "C, = "P.

7.5.3 Properties of "C_or C(n, r)

Property 1. "C =4C, __(0=<r=n).
I
We have g SR = o = e =16
(n=r)ln=n+r)! (n=rytr!
Property2. "C +"C__ = "*IC (0=r<n),
I
Wehave  "Co+nc = M 2
{n-r}'rr [n=(r=D]1(r =11
= 1| I + ]
(r=r)lr! r=r+1)1(r-n!
el 1 1 ]
H‘-F}'J"{r—]}r {"—.r.p.'[}{;] r]fl[r—nr|
44 e n! -| 1
e —
{"“"H{"'“l}!hr H=r+]
= '—-—-—-ﬂ:‘-_l_________ ”"‘I
= -0 o
= E{” |~)]} = 1)
"U‘“l}-’{u—:-ri]{”,,.}!
" RSN
Fin =y 1)1
@ ilrJL-_-r.
Jr[:r-hllcr_l = HIIC.
I'rﬂpnﬂ:r'l "TC' = "C_II,—‘-:\-.ray ﬂr_:;+_-|”="|
We have "WC = ne
¥ ¥
= Tl = nCﬂ—J'II'l '-'EF:"C"_“F]



=V

& I,,m'_‘l.' "
l1- el R S
[;11 (jon between "C, and ""'C,,
i
de it DY rip=r+D_(n+ I}]H (1= 1) __n+l
';ELﬁ nfri(m=r) nl n=r+l)l n-r+l
I "
e 51. Evaluate the following
guanP (if) 1°C,

(1 'y

! il !
' f = iy =
olution. (1) G 6-3) [ G rj{,,_,];J
- ﬁKSKIIfo_IEl]_Eﬂ

CO316-3)! 31
@ "6 =G [+ "C="C,_
10! _iﬂx?xﬂ!zdj

(10-2)121  Blx2!

Example 52. Compute 8 . and ﬁ% : [INTU(K) May 2019 (Sup.)]

8! [.',upr= nt J=E=Ex?xﬁx5x4={i?2ﬂ

o BR e
Solutions ©F (8- ) el Ry
6o = 6! e = n! - 6! _ 6x5x4 20
P o36-3)! " Hm-r)] 33 6

Evample 53, Jf/ 4"’-I::,‘r = 15C_, ,, find the value of "C,
Solution, As r 2 r+ 250 F+ (r+2)=18 =>r=8

: BxTxb _

.."ll:"Ii =HC5=ECJ - = = 56,

Example 54, 17 "C, = 56 and "P, = 336, find n and x

nl!
: =136
336 ie., -

]

'Eﬂ[‘!tiﬂ“‘ H':-TE ”P
K

n!
o "C, = 56 ie, m~55

¥ oo el 58
Ho-x1" ar 336

: ..I'tl

"'Eﬂ' "
Py = 36 e, =336
g "EHL]}{H_E]{"{EE}%}
=336
1 (n—31
h"'l[n-z}_—.jg,ﬁ:gx?x{i




or (=1 n=-2)=8x(8~1)%(8-2)
n=48

Example 55, If '""™MC = 9°C,, +*C,,,; find x.

Solution. Here '"0C, = %9C_ ++C,

o Im.'mclm ="Copp + Cypy (v "C, = "Co—r)

or M IC = gy + Copp_y

As "*IC =1C +°C

we gel x = 999,

Example 56. In how many ways can 4 questions be selected from 7 questions

: ges Tx6%3 35
Solution. The required number of ways = ey -

Example 57. In how many ways can you select at least one king, if you chogge five -
from a Deck of 52 cards? [INTU (K) May 2018 (Sup.), (ANR19) Mare, 0

Solution: There are 4 kings in a deck of 52 cards.
The number of ways ufchmsi-ng] king = 4"‘] X 431:4
The number of ways of choosing 2 kings = 4 * 48,

The number of ways of choosing 3 kings = 4c3 x 43,:2

The number of ways of choosing 4 kings = 454 " 4351

.. The required number = 4£.| M 4EE4 “ ""1'(:2 x 43‘:3+ 4C3 e 43‘:2 - 4{:4 x 48,

l
= 886, 656
Example 58. If there are 12 persons in a party, and if each two of them shake hands %
each other, how many handshakes happen in the party?

Solution. When two persons shake hands, it is counted as one handshake, ot B
Therefore, the total number of handshakes is the same as number of ways of seleciz:
persons from among 12 persons. This canbe done in

120 = 12x11
2 2x]
Eﬂi.imple 59. There are 35 students and 4 teachers. In how many ways every ;:,tudfﬂiﬂ“?
d with other students and all the teachers. [INTU(K) May 2019 (Sup), (R19) J'lfwr!r.?‘-
mf“‘““”“’ When two persons shake hands, it is counted as one handshake. Therf™
number of handshakes is the same as number of ways of selecting 2 students from

35 students. Thi . st 35 !
students. This can be done jn 3552 = T ;ii;lﬂejﬁﬂ?siﬁ

The number ol ways of every student shakes hand with 4 teachers = 35%4 = 140
Hence, required number = 595 + 140 =735

=66 ways,

han

¥
jog®

any ways can a cufnmlttee 0f 5 be formed that has 3 - psychologists and 2- ﬁ;f fﬂi

L [INTU (A) (R19) Aus: ]

Example 60, lentists i : :
. Ple 60. A group of 8 scientists s composed of 5 - psychologists and 3 - 5019



- =3 3. 5l
tion: The desired number = ¢, , 3',_2 & o
50 3121 am

I-;H:]:;I:hars and 15 students? ¢ 0f'5 teachers and 4 students be chosen
il

¥ gutions Th four students can be chosen gy

lected in Cs ways. Now each way of s
:'j:e’cﬂfiil"g teachers.
]

oo, he required number ways of selecting commitiee = '5{]4 4 90
' ¥

of .I 3 students in 3C, and the nine teachers
ccling students can be associated with each

grample 62- Out of 5 men and 2 women, a committee of 3 is to be formed. In how many
s can this be done s0 as to include (i) exactly one woman (ii) at least one woman

solution. () We have to select one woman out of 2 and 2 men out of 5.
The sumber of ways of selecting 1 woman = .‘!,.:I =9

he number of ways of selecting 2 men = 5, = L

2
. The committee can be formed in 2 = 10 = 20 ways,

(ii) The committee can be formed in the following ways

(a) 2 men and 1 woman.

{t) 1 man and 2 women.

tor{a) 2 men out of 5 men and 1 woman out of 2 women can be selected in °C, % °C, ways.
for(b) 1 man out of § men and 2 women out of 2 women can be selected in 5C, x ’C, ways.
“ Total number of ways of forming the committee = 30+ %20 =20+ 5=75

Example 63, In how many ways can a student choose a course of 5 subjects if 9 subjects are
“alable apd 2 subjects are compulsory for all the students.

Solution. Since two subjects are compulsory, the students are required to choose 3 out of 7

" | 71
et and this can be done in ’C, = ETPT 35 ways,

E:[am : 7 ¥ - . L
ple 64, The of mathematics contains ten questions divided. into two
""']'-E]Buf question paper

thyg mﬂvﬂ questions each. In how many ways can an examines answer six questions taking
O questions from each group.
Ui, The examinee can answer questions from two groups in the following ways.
I:l:rg ;; from frs; group and 4 from the second group.
i) 4 gﬂm first group and 3 from the second group.
i om first group and 2 from the second gr{{uP. o o
i e Mumber of ways of selecting the queslions = Cy » =10 x 5=

Urf; . = =
F 1), the fumber of ways of selecting the questions = 30y ¥y = 10%.10=100
ul 5C, %x3C, =5 % 10=50

ey e Number of ways of selecting the questions =

) . ions in eith three ways.
Thﬁ'-‘erme ®Xaminee can answer the questions in either of_lhr:] ; ree way
i required number of ways = 50 + 100+ 50 = 200.



T T Tl

Example 65. A women has 20 close relatives and she wishes (o invite 7 of fhﬁm
I how many ways she can invite them in the following situations: ‘“diﬂm

(i) There is no restriction on the choice.
(if) Two particular persons will not atiend separately

(#i1) Two particular persons will not attend together. INTUCK) Oct, 295 /(Sey \
g,

Solution: (i) Since there is no restriction on the choice of invites, required p, Mber o Iﬂ

of inviting 7 out of 20 ha
M 20x19xIBx17x16x%15x14

20, -

'|‘=-I||!13!_ TrxGudx2xl]
390, 700,800

420

]

= 030 240 ways

(if) Two particular persons will not attend separately means that they should hoy,

. . h fﬂ'l“;.:
or not invited. H

4

(@) Suppose both of them are invited. Then we have to select 5 invites from rema
181 18x17x16x15x14 1028160

513! 120 120 368wy
(b) Suppose both of them are not invited. Then, seven invitees are to be selected frm g

. . , 18! 18x17x16x15x14%13x]2
relatives. This can be done in l‘gt:.J o it 5040
Hence, total number of ways in which the invitees can be selected = 8568 + 31834 =4l

(i) Suppose two particular persons, say A and B will not attend together. So, only o
them can be invited or none of them can be invited.

iﬂir.g li

relatives. This can be done in ]EE5 =

=31,824 WayL

18!

(a) Suppose A is invited. Therefore, the required number = IEE5 T

= 8368

(b) Suppose B is invited, Then, the required number = IE.(:5 = B568

() If both A and B are not invited. Then, the number of ways of choosing the invires
|

_ _ s
- IEET—-—-TH“—SIEM

Hence, total number of ways in which
= 48960

Example 66. There are 50 students |
nts
25 male and 25 female students. In ho i

the invitees can be selected = 8568 + 8568+ 3]5}.

b |
of the senior or junior classes. Each ¢&¥

W many wa i ittee be T
50 that there are four f; emales and three juniu{ in t:;?e ?:Tr;; ﬁ:ﬂ‘; B
Solution, A committee
of 8 :
< . slludems can be formed i the following ways.
enfor
e *G’Ffj 0) Junior (30) I
» i emn;e (23) Male (25) Female _f-:il'..-
(1) 2z 1 ; »
(iv) 4 | | __2_“_,,J L
.. i 3




(e number oF ways ol selecting 8 studenty = o L oI ey 9
i), the number of ways ol selecting 8 students = 25¢,, » 25¢, » ne, » ¥C,.
fur “'I e number of ways of sclecting 8 students = ¢, ?5‘{:' ’ ”E.E x BCy,
}:‘“ {:‘] (he cight students can be selected in 2C, » *1C, =-: 3¢, I |
]:.IT:I[' the committee of 8 students is formed in each case, lhr:jlmﬂl number of ways of

e 1he commitiee
il : ., 15 25 pL 4% . ‘
L €, % PC, +8C, * BC G, ® z:a{:'| 4 :5{:] » Iscz B, |
TP | i
ISCE + E‘ o E"j a EJ'

e 67. Find the number of diagonals that can be drawn by joining the angular poirts

fl [

pamp
{huxagor : : | |
golation. A hexagon has six angular points and six sides. The join of two angular points
 cither 8 side or a diagonal.
6x3
22 =15

The number of fines joining the angular points = 6C, =
put the number of sides is 6, hence the number of diagonals = 15 - 6 = 9.

Erample 68. Prove the identity Cn + 1, r) = C(m, r— 1)+ C(n, r)
IINTU(K) Oct.2017 (Set No. 3)]

Solution: RH.S =C(n, r— 1)+ Cin, r)

={r-l]!{nl~—r+l]|!+r!{n—lr}! [ Clr) = f‘!(ﬂ;r}!J
= ! L 1[‘; nl = H{H - !]I]

(r=1)Y(n=r+1)(n=r)! ; r(r=1)!{n-r)!

. ol 1 |
=[f—|}an-r]J[n-s-+!+;:[
n! n+l
_{r‘]]![”—r}!'r{.i:-r+[:l
B I:.IH-T}H.' | {HH][_. TR,
““'{F‘-l}f{n—r'-l-[:]{u-.l']]I-r[{n-—r+[:” = n( 1}]

g = C(n+1,r)=L.H.5
m . " i 5 20 E . 1

mns. - &
el oy many different ways o student can answer 5 guestions by selecting ot least 2
fom each part? [INTUANRLS) March 2021)

Yl
;

on; e PR
" The possibilities for a student can select 5 gquestions ur
estions from Part A and 2 questions from Part I, This can be done i Cl-, 3~ C4, 2)

i
:"‘i-x 4 29 24

i A g gy TR
f“ﬁﬁtiuns from Part A and 3 questions feom PPart B, This can be done in C(4, 2) % C4, 3)
2 TI] "'""Il}'s
£l . : :
“al numiper of ways a student can answer his § questions = 24 + 24 = 48,



Example 7. A commiitee ol eight is to be formed Irom 16 men and 11 W

ways cun the commiltee be formed, if i J”'*“n.;.
(i} There are na restrictiong?
(if) There must be 4 men and 4 women
(#77) An even number of women
(iv) Al least 6 men [N () '"'"ﬁlr:.;,
!

Solution:

(/) Since there are no restrictions, therefore the required number = ¢y 20, 8. 20!

(77) 4 men and 4 women = C(16, 4). C(10, 4) My
16! 100 _ 16%15%14%13 10x9x54,7

- e =

41121 4161 24 24
= 1820 % 210 = 382,200

(#if) (a) 6 men and 2 women = C(16, 6). C(10, 2)
(5} 4 men and 4 women = C(16, 4). C(10, 4)
() 2 men and 6 women = C(16, 2). C(10, 6)
() no men and 8 women = C(16, 0, C(10, 8) = C(10, 8)
<+ The total number of possible ways = C(16, 6). C(10, 2) + C(186, 4), C(10, 4) 4 Cilg g
' C(10,4) + C(10, 8)
(7v) (a) 6 men and 2 women = C(16, 6). Ci10, 2)
(B) 7 men and | women = C(16, 7). C(10, 1)
(c) 8 men and 0 women = C(16, 8). C(10,0)=C(16, B)

.. The total number of possible ways = C(16, 6). C(10, 2) + C(l8, 7). CO10, 1)+ Clis g

1.5.4 Combinations Taken Any -Humher ata Time

Total number of combinations of » different things taken any number at a time is 2" - [, k¢
thing may be disposed of in two ways. It may be ejther accepled or rejected. Comespondng®
each of the two ways of disposing the first, the second can be disposed of in the s:'m!l!f::"
ways. 50, the total number of ways of disposing of all the things =2 % 2 x ....ntimes = Y

- in this 2" cases, there is one case in which all the things are rejected. Hence the total puse”
ways in which one or more thip gs are taken =27 |

. E:Tmpli: 71. You have 4 friends; in how many ways can you invite one or more e
- dinner? .

Selufion, You may
of ways=21_| = 63,

Example 72, There are
One or more questions,

; | Ty
quj:_t::tif:r:{:he boy may either solve g Questions or leave it. Thus the boy d'spfﬁfﬁmf‘
O Ways. Thus the number of ways of disposing of all the questions =*" o

includes the case in which he |y I
as lefl all the questione nee the requl
ways of solving (he o Questions unsolved, Hence the req

. a1 . |"_:'|lI
'"VIte 1,2, 3 or 4 of your friends to dinger. Hence the requird **

g ) o
2 questions i g Question paper. In how many was can b

!

-1=3]



qbinations of Things Not all Different

(o
55 . ¢nIne ar ﬂ“ :]f LU' :| {j: 4 ..| ...... ) mi"gﬂ. where 1 are alike of ane ]":i"!d. q :
i~ l;nfl kind, © alike of third kind and so on, the total number ul’prmaff:-!c selection

Hp+D@+ D+ }=1]

ofpthings We may take 0, | 2,3, o 0. Henee they can be disposed ofin(p+ 1)ways.

l_“‘ "_ qlike things may be disposed of in (g -+ 1) ways; r alike things in (r+ 1) wiys an
WIW:%;E* each way of disposing p like things can be associnted with cach way aof disposing
.=x“ﬂL|L:~LI*Hhqu“ {he total number of ways in which all the things can be disposed of is (7 + 1)

w '“;[ (1) e But this includes the case in which all the things are left out. Rejecting this,
:Equ-ilfd numb;‘::’ of combinations is [{LFJ +1) {.;}- o N (o = |].

Uy _

1 gxample 73, In how many ways can a selection be made out of 3 mangocs, 5 oranges and

are alike
is

:wh&?
golution. Henee p= 3,g=5andr=2,
gp, the required number of combinations =(3+ 1) (5+ 1)(2+ 1) -1
- 463-1=72-1=1l.

156 Division Into Groups
7 find the number of ways in which (p + q) things can be divided into two groups
watzining p and g things respectively.

We can select p things from (p + g) things in# " 9C_ ways, and each time p things are tﬂkep,
vzroup of g things are left aside from which g things can be selected in ch‘ ie., | way, Agam
ilgthings are selected first from p + ¢ things in# *7C_ ways, everytime g things are selected.
lbere remain p things which all can be selected in7C , Le., 1 way.

(p+q)! ; TR i 4 X
PHep _ P+ PR o S Fways=
s I, = PG ey = Cy T , the required number of way poryor

it is possible to interchange the two groups

Note. If p = g, 1] | and here
- f p = g, the groups are equal and ne ae VO g
i different wavs of division into

Vithoryy obtaining a new distribution. Hence the number ol
i

_2p)t  (2p)!

pip! 21(p))?
Mthe twq groups are different, then the number ol

different ways of division into groups

_ 2p)!
E (p)* - finto 2 e
"Ample 74, In how many ways 14 ornges ¢ be divided equally into - groups:
Eﬂlu” 14!
0. The required number of Ways = 597"
Frampy, 75, In how many ways 4 oranges cill be divided equally among 2 children?
Sol L o
utj e et e fOr, D0 HS COSE 8 group of 7
™. The number ways of dillerent division an Brouy

ey, -
cond boy, the two groups are dilferent.

WMoted for the first boy, il given 10 the se



?.5.“? Generalization

' i --d_ d illlﬂ ThI.'EE g[ﬂu g o
The number of ways in which p+ g + r things ca7 be divide PS Contajy;

EA"EE

and r things respectively rg+r)! @Ol (peg,
wore, SR T T g T
= PHITTC, x g7 r pHgETIe Pl

be extended t0 the case of dividing a given number of thing, .
can eg

Similarly the result
oups. - 1

more than m.;e Er Ifer of ways in which 3p things can be divided equally into thre, diy,
Note 1. The num |

. BeY b=
groups is E;:}} (g=p,r="p) ,

.' Ih."E!E can hE di‘r'i'df.‘d iI]tl’.‘r ﬂ]IEE Idfn“nal
M O W 5 -I]. Whlﬂh B_P |

(3p)'
31(p!y
Example 76. In how many

has 3 members, the 2nd team
teamns each has 2 members?

I8
artitioned into 6 teams where the firg e,

be
ways can 14 men Frd team has 3 members, 7th, 4th, 5 5

has 2 members, the 3

14!
Solution, The required number is 723y 5 3

; ; i _aeidri]
Note 1. The total number of ways to divide n identical things among I persons B
' s to divide n identical things among 7 persons s0 thal exrh

|
|
a
!

Note 2. The total number of way

=T I-C
gets at Jeast one ="" "L, _ oL |
Example 77. How many ways can we distribute 14 mdmﬂngunshahlajall;;;} -: umu?:;
boxes so that each box is non-empty. [INTU(A) (RIY) Aug,

Solution: The desired number = 1'1—1,1-‘}'I = ]EI-E3

13! 13x12x11

=== = 286
3ot i

7.5.8 Combinations With Repetitions

We first consider the following example:

. of I0®
Example 78. Consider the set {a b ¢ d}. In how many ways can we select two |.

letters when repetition is allowed. |

1 gelect®
Solution. If order matters and repetition is allowed, there are 2% = 16 possible se

and they are

aa ba ca t]'rﬂ
e be cc dc .
ad bd cd dd ; i |

If order does not mater byt repetitions jes an

ibilit
possibilities are are allowed, there are 10 possibl



e bh o dded

ab be cd ad s hel
6.5. The number of unordered choices of r from 4. with repetitions allowed i

n+r=|
= C{H il ifu II r}

.]-hgﬂl'Em

{3 Any chDiIl:E' will consist ﬂ_f x, choices of the first object, x, choices of the second

.I' and 50 0N, subject to the F“"d“i”" X+ ... +x, = r. So the required nimber is just the
ﬁgnf solutions of the equahclm X T X, = rin non-negative integers x,

ow we can represent a solution x, ..., x, by a binary sequence:

o 05, 1% 0s, 1, %, 05, 1, ..., 1, x_0Os.

Think of the 15 as indicating a move from one object to the next. For example, the solution
e L5 0,%,= 2, = I. of x, + x, + x, + x, = 3 corresponds to the binary sequence
nl:'llﬁﬂlﬂ. Two consecutive 1‘ s mean that there are no objects in that place. Corresponding to
L there will be n— 1, 1s and r 0s, and so each sequence will be of length
i r— |, containing exactly r Os. Conversely, any such sequence corresponds to a non-
pastive integer solution of x, +x, + ... +x, = r. Now the r 0s can be in any of the n + r — |
flses, s0 the number of such sequences, and hence the number of unordered choices, is
(fo+r—1,r), the number of ways of choosing r places out of n # r - 1.

This proof also establishes the following result
Theorem 6.6, The number of solutions of x, + x, + ... + X = r in non-negative integers

tslin+r—1, 1),
The equivalent formulation of the above theorem makes it easier to conceptualize the
poblem,

The number of non-negative integral solutions of x, + x, + ... + x, = r is equal to the
Hher of ways of placing r identical (indistinguishable) balls in n numbered boxes.

Atthis point, we recognize the equivalence of the followings:
The number of »-combinations of n distinet objects with unlimited repetitions

the number of non-negative integral solutions (i.e. r, = 0,x,20,..,x,20)of
ytx,+.+xy =r

" he number of ways of distributing r similar balls into n numbered boxes

e number of binary numbers with n — 1 one’s and » zeros
- 41 =Cln+r-1,7) =Cln=1+rn=-1)

Aty 1)
[r! []']' iy !}!] -
Note, (1) In terms of distributions, this is valid only when the r objects being distributed

are identical and the n boxes are distinct. |
D) If we want lo ensure that cvery box gets at least one tlmll_ we must give 8 ball
to each box, then distribute the remaining r - 1 balls in n boxes which can be
done in Cin-1+r-mn-— iy=Clr-1,n- 1) ways.
0 Themmberotpsive megalsoltonsl G s o
X > | is the same as the number ol Ways

" persons each getting at least 1=C{r=-1,n-1)



) The number of non-negative integral solution of x4 x4 o

LT R N " "'n},ﬁ
MO =Ty =y Py =y = Py )
=R =14 r = = Pyttt = 1) |
() The mumber of ways of distributing # chaklets o r children g they |

et al least one is - 1, 1) | | "y,

G} The namber of non -~ negative inleger sollutions of x, Xy 4 ;
(v, 20 is Clr = 1,0 - 1), "y

(vif) Ctm + =~ 1, 1) represeits the number of ways in Wh“-"'-"”fﬂﬂtmahr_r :
be distributed among n distinet containers i

(viii} The number of non-negative integer solutions of the equation
XN+ b =rislindr=1, 1)

Example 79. In how many difTerent ways can 20) identical apples g d]w
among 4 persons?

.....

Solution, The required number = * 7~ NC
= lﬂiﬂ—icd_i {' f=2ﬂ,.ﬂ'=4.]
23 x 22 x 21

2~ =
Cy= 3 1771

Example 80. Find the number of ways to distribute 20 identical balls in 4 differzat by
50 that no box remains empty,

Solution. The required number = (-1
P L r=20,n=14)
- 9x133!}:1?=959

Example 81. In how ma ny ways can 20 similar books be placed on 3 different sheh=’

[UNTU (K) Out. 2017, 2019 (Serms
Solution: Here r= 20 and y = 5

Required number of ways = Cn+ p— 1,r)

i

C(5+20-, 20)=C(24. 20)
__"-il_ 24 %23 x 22x 21 % 20!
20141 |201)(24)

= 23 %22 x 2]
Exumple 82, Find 11,e numbey of

EiDE Finiuck s sy | Ways of giy 'uu, 15 udumc-ﬂl gift ban tw 6 t-"ﬂ-’““‘

Solution: Sup [INTU (K) Ocr. 2017 1.5" w
' - DUPPOSE We gre ol A
Then, we have ) < € G, il Aand 3 together from 15 identical § il

il

= 10,626 .
\?

Now, the number of ways of giving boxes 1o A and 13

= Cin+ p- I, ) =2+ p lLr)=C(r + 1, A=



 of ways in which the remain =
Ay F Waing (15 - ) boxes enn be wiven (0 G, Dy B P
.~|‘1'1Lf1 pym C(4 1 (IS5 =r) =1, F) | = 4] can be given (o G, I
s
a = C{18 =1 r)
e ST < 0, the total number of ways in which the gifl boxes may be given is

,;:..LH \E C18- rr) . using Sum Rule,
L

:'|'|
e 83. How many solutions does the equation
. ¥Ytpte=iy
Where ¥, . £ Ore non-negative integers?
b '

gojution. The number of integral solution of the given equation is the same as the number
guays of distributing 17 identical things mmong 3 persons. Hence the required number of
A '

ghilions

19%18

ﬁ

—_

prample 84. How many solutions are there ol x + y + 2 = |7 subject to the constraints
12 |-.1'E! and z 2 3.

=171

solution. Putx =1 +u, v =2+ vand z = 3 + w. The given equation becomes u + v+ w= 11
odiwe seek in non-negative integers u, v, w. The required number of solution i3

]3x12=ml

i |I+3-1.|:-1 = 1:!-[:__=

Example 85. A message is made up of 12 different symbols and is to be transmitted
fimugh 2 communication channel. In addition Lo the 12 symbols, the transmitter will also send
Hntal of 45 blank spaces between the symbols with at least three spaces between each pair of
msseutive symbols, In how many ways can the transmitter send such a message?

[INTU(K) Oct. 2018 (Set No. 4)]

Salution: The 12 different symbols can be arranged in 12! ways. We know that there are 11
Psilions bepween the 12 symbals. Since there must be at least three spaces between successive
"mbals, 33 out of the 45 blank spaces will be used up. The remaining 12 spaces are to be
iﬂ[‘“'ﬂ:lda:.:d in 11 positions. This can be done in Clutr=1r)=Cll+12-1 12)=C(22.12)

!

Thus, by qumber = 12! % C(22, 12)

21 2
= 121X 901 100

the product rule, the required

Ix
: Prﬂh'“"‘i on Permutation and Combinntions

l‘ﬂ:t;.]:!;h 86. Out of 7 consonants and 4 vowels,
h be ﬁ;'ln'ngd?
tiog, Three consonants from 7 consonants con be chosen in 'C,
fn s flmn 4 vows)e can 18 chosen I d:: : w"f : Thuse, there are 'C, x 4C
huﬂsecmsh"m and 2 vowels can be chosen in 'Cy ¥ C, ways, 115, 3 ;

8 :
ch “Ontaining 3 consonants and 2 vowels.

haw many words ol 3 congonants and

ways



Since each group contains 5 letters, which can be arranged among themselves in 5! W
.. The total number of words = 'C, = 4C, = 5! = 25200,

7.6 NUMBER OF ONTO FUNCTIONS

We know the total number of functions from set A having # elements to a set B of m eleme—
is m". If m 2 n, then the number of one-one function is m!/(m — n)!. The principle of inclusiz.
exclusion can be used to obtain the number of onto functions from one finite set to anothe:
Let A and B be two sets having n and m(< n) elements respecitively. Then there ars
m" —"C (m— 1Y +"Cy(m =2)" + ... + (-1)y"' »C__.
onto functions from A to B.

Example 87 In how many ways five different jobs can be assigned to four persons if e
person is assigned at least one job?

Solution. Let A be the set of five different jobs and B be the set of four persons. S0

each person is to be assigned at least one job, this is equivalent to finding onto functions =
the set A to B. Here | A | =5 and | B | = 4. Then there are

45 —1C (4 - 1)° +9C,(4 - 2)° - 1C,(4 - 3)°
= 024 -4 « 243 + 6% 32 - 4

1024 - 972 + 192 - 4

[216 — 976 = 24() ways Lo assign the jobs,
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